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Abstract 
The estimation of the fatigue life under variable amplitude loading is a fundamental step in the design phase. To 
consider variable amplitudes in the fatigue design the linear damage accumulation is applied, thus disregarding non 
linearity. When materials show cyclic hardening/softening, the hypotheses from Palmgren and Miner are not valid 
and this causes appreciable errors in the fatigue life estimation. Fatigue tests were carried out on the steel HC340LA. 
The influence of strain softening and mean stress relaxation is shown. A simplified method for considering this 
transient phase is presented. More accurate results can be achieved by applying this method.  
 
© 2015 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
In the fatigue design of components the consideration of real service conditions is a necessary step in order to 
guarantee the required durability while reducing costs, weight and dimensions at the same time. Especially in  
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Nomenclature 
D damage  
NF  cycles to failure 
Ha  strain amplitude 
Hm mean strain 
σa  stress amplitude 
σm mean stress 
E Young’s modulus 
K’  cyclic strength coefficient 
n’ cyclic strain hardening exponent 
'H  strain range 
'σ  stress range 
 
components that are subjected to variable amplitude loading conditions during service, the proper approach 
considering the variable amplitude loading fatigue can lead to a drastic reduction of component weight and cost, as 
shown with a representative simple example in [1]. In this example the consideration of the spectrum shape, moving 
from the constant amplitude loading to a straight line distribution implies a reduction of the diameter of a round bar of 
about 27%, with a reduction of weight of about 47% for the same estimated fatigue life.  
In order to carry out a fatigue life estimation considering the variable amplitude loading during service, several 
approaches and damage rules were formulated since the first investigations performed by Palmgren [2] and Miner [3]. 
A comprehensive review of these methods was presented in [4].  
Due to its simple and quick application, the linear damage accumulation from Palmgren-Miner is in the standard 
practice the most used method for the calculation of the fatigue life of components. According to this rule, each loading 
cycle is responsible of the same fatigue damage, under the assumption that the total work absorbed produces failure 
and no work hardening occurs. If this hypothesis is valid, under constant amplitude loading the damage induced by 
one single loading cycle corresponds to: 
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with Ni corresponding to the fatigue life at failure (D = 1). 
The hypothesis can be directly extended to the case of multiple load amplitudes as shown in Eq. (1). 
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This rule can easily be extended to all materials and load cases, even if the original formulation was limited to 
aluminum alloys [3]. By applying this rule, load sequence, load interaction and load levels are disregarded, which was 
proved to be a source of inaccuracy in the determination of the fatigue life. 
For the application of the local strain approach, several damage parameters were formulated and used in 
combination with the linear damage accumulation. Among these, the parameter of Smith-Watson-Topper [5], the 
energy approaches considering the dissipated hysteresis energy, for example in the formulation of Golos and Ellyin 
[6] and the PJ, based on mechanics and growth of short cracks [7], are worth to be mentioned.   
In order to apply these methods the reconstruction of the stress-strain paths is necessary and the procedure used for 
this reconstruction can deeply affect the quality of the estimations. In literature many material models, considering 
material memory, kinematic and isotropic hardening were formulated, for example the ones reported in [8-12].  
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In practical applications the estimation of the stress-strain paths is generally carried out according to the hypothesis 
of Masing [13] and considering the material memory. Base of the application of the Masing-Memory behaviour is a 
stress-strain curve, which can be determined with tensile tests, constant amplitude fatigue tests or with incremental 
step tests. Considering the form of the stress-strain curve given by the equation of Ramberg-Osgood in Eq. (2), the 
hysteresis arms are obtained by the double of this curve, obtaining then the form in Eq. (3). 
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Base of the estimation and of the fatigue life calculation is that the phase of material stabilization takes place in the 
first load cycles and this effect on the fatigue life is negligible, as stated for example in [14]. The purpose of the paper 
is to analyze the cyclic material behaviour of materials with remarkable strain softening during cyclic loading and to 
quantify the error in the estimation of the fatigue life when neglecting the transient behaviour (strain 
hardening/softening, mean stress relaxation, ratcheting).   
2. Test specimens and experimental procedure 
The investigations of the material behaviour under constant and variable amplitudes were carried out with fatigue 
tests under strain controlled conditions.  
The tests specimens were manufactured out of thin metal sheets of HC340LA, a low alloyed steel broadly used in 
deep drawing. The chemical composition of this steel alloy is shown in Table 1. 
Table 1. HC340LA, chemical composition [%wt] 
C Si Mn P S Al Nb Ti 
0.0620 0.0130 1.3170 0.0100 0.0060 0.0380 0.0340 0.0010 
 
The specimen geometry is shown in Fig. 1a. These specimens were tested under constant and variable amplitude 
loading under strain controlled conditions. In order to prevent buckling, a buckling guide was used. To reduce the 
friction two teflon sheets were placed at the interface between the specimen and the guide (Fig. 1b). 
In order to evaluate the influence of the loading spectrum with mean loads, three different loading spectra were 
used. The strain ratio R, the sequence length and the irregularity factor are reported Tab. 2, the results of level crossing 
counting in Fig. 2. The application of the loads was randomly distributed and the maximum load was applied at about 
2/3 of the sequence length Lc in all three cases. By the fully reversed Gaussian spectrum (a) zero mean strain was 
applied in every cycle, by the pulsating Gaussian spectrum in (b) just tensile mean strains were applied, while by the 
chassis spectrum in (c) the mean strain was fluctuating with both tensile and compressive mean values.  
All fatigue tests were carried out with a servo-hydraulic test rig controlled with MTS-software till complete 
specimen failure. The frequency was automatically increased from about f = 0.1 Hz till f = 50 Hz, all specimens 
running till N = 1·107 were considered as run-outs. At every reversal the strain and the load were recorded.  
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Fig. 1. Specimen dimensions in mm (a) and specimen with buckling guide and extensometer (b). 
Table 2. Loading spectra used in the experimental tests. 
 Gaussian spectrum, 
fully reversed 
Gaussian spectrum, 
pulsating 
Chassis spectrum 
Strain ratio RH -1 0 - 
Sequence length Lc 5·104 5·104 5·104 
Irregularity factor I 0.99 0.99 0.11 
 
 
Fig. 2. Level crossing cycle counting method, (a) fully reversed gaussian spectrum; (b) pulsating gaussian spectrum; (c) chassis 
spectrum. 
The tests were carried out on two material states. Next to the tests on HC340LA in as-received state, the behaviour 
of linear flow split flanges was also investigated. Linear flow splitting is a forming process of Severe Plastic 
Deformation (SPD) which allows the bifurcation of metal sheets [15]. This process deeply modifies the microstructure 
and the material properties in the quasi static behaviour as well as during cyclic loading [16-18]. 
As shown in [18] the material shows in both states remarkable cyclic softening, which leads to a reduction of about 
25% of the initial strength in the case of the material in as-received state. This aspect is shown in Fig. 3 by comparing 
the first loading to the stabilized cyclic stress-strain curve.  
Different stabilization mechanisms were proved to take place under constant and variable amplitude loading and 
this behaviour was confirmed by comparing the results of incremental step tests with the results of the constant 
amplitude tests [19]. Incremental step tests at different maximum strain amplitudes were carried out. The results are 
compared for HC340LA in as-received state and in flange specimens in Fig. 4a and 4b. 
3. Results of fatigue tests under variable amplitudes 
The estimation of the fatigue life with the previously mentioned parameters was obtained by reconstructing the 
stress-strain history from the strain sequence of the loading spectra shown in Fig. 2 according to the Masing-
a b 
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memory behaviour. This estimation was repeated for several maximum load amplitudes and the fatigue life was 
estimated under the assumption of failure at D = 1, which corresponds to the original hypothesis from Palmgren-
Miner. The application of the energy based parameter from Ellyin was carried out under the hypothesis of a Masing 
material, thus the cyclic plastic strain energy density was calculated according to Eq. 4 [20]. 
 pp nnW HV '' ' 11                                                                                                                                     (4) 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3. First loading and stabilized stress-strain curves for HC340LA in as-
received state and in linear flow split flanges [18]. 
 
 
 
 
 
 
 
 
 
Fig. 4. Stress-strain behaviour out of incremental step tests in comparison with constant amplitude loading tests for as-received 
material (a) and linear flow split flanges (b). 
The results of the fatigue tests are shown in Fig. 5a for the specimens of HC340LA in as-received state, in Fig. 5b 
for the flange specimens. In both material states the estimation of the fatigue life using the energy parameter by Ellyin 
gives very conservative results as soon as mean loads are present (in case of the Gaussian spectrum with pulsating 
loading and the Chassis spectrum). This is mostly due to the different weighting of the elastic and plastic strain energy, 
attributing a high damage to cycles with low dissipated plastic energy (small amplitude) but high mean stress.  
490   A. Tomasella et al. /  Procedia Engineering  101 ( 2015 )  485 – 492 
The PSWT and PJ on the other side tend to overestimate the fatigue life of the material in as-received state in the 
range 104 d N d106. The PSWT gives non conservative estimations for N > 106 while the PJ underestimates the fatigue 
life in this range. Considering the flange specimens, results are in general conservative and the scatter is much higher.  
A useful support for the evaluation of these results is given by the consideration of the estimated stresses in comparison 
with the experimental results (Fig. 7). In this case the comparison is based on the results of the level crossing cycle 
counting method of the estimated and recorded load signals. 
 
Fig. 5. Results of strain controlled tests under constant and variable amplitude loading for HC340LA in as-received state (a) and 
in linear flow split flanges (b). 
 
The direct comparison between the results obtained by the estimation and the experiments is shown in Fig. 6a and 
6b.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 6. Estimations with the PSWT, PJ and with the energy parameter from Ellyin for the material in as-received state (a) and in 
linear flow split flanges (b). 
Fig. 7a shows the results of the level crossing counting by a specimen tested with Gauss spectrum under fully 
reversed condition by a maximum strain amplitude Ha,max  = 0.65%. For this specimen two considerations can be made. 
The differences between the calculated and the experimental stress spectrum lie in the transient behaviour, by which 
the strain softening takes place. Disregarding these mechanisms leads to an error of about 50 MPa in the amplitude of 
the first loading cycles. On the other side the stabilization of the stress-strain path is not estimated correctly by the use 
of the cyclic stress strain curve out of constant amplitude tests.  
a b 
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In Fig. 7b the comparison is applied to a specimen tested under pulsating Gaussian spectrum with a maximum 
strain Hmax  = 0.80%. Not considering the kinematic hardening and the mean stress relaxation leads for this spectral 
form to an estimation of much higher mean stresses than the ones observed experimentally. For this reason the results 
of the fatigue life estimations are in general very conservative.  
In summary the transient material behaviour under variable amplitude loading affects the stress path. The 
estimation according to the Masing-Memory behaviour excludes effects of: 
 
x Strain softening: disregarding this effect leads to an underestimation of the amplitude of the initial 
loading cycles, causing a remarkable overestimation of fatigue life. This effect can be noted 
especially considering the Gaussian spectrum under fully reversed conditions (Fig. 7a). 
x Mean stress relaxation: this behaviour can be seen clearly in the tests with Gaussian spectrum under 
tensile pulsating loading (Fig. 7b). Disregarding this effect leads to the overestimation of the mean 
stresses and this leads to conservative fatigue life estimations. 
x Different stabilization states in case of constant or variable amplitude loading. Including the 
incremental step tests in the calculation of the hysteresis loops can lead to better results, depending 
on the maximum loads in the spectrum. 
 
 
 
 
 
 
 
 
 
Fig. 7. Estimation of the stress spectra basing on the Masing-Memory behaviour and comparison with 
 experimental results for a test under fully reversed (a) and pulsating (b) Gaussian spectrum. 
In order to improve the fatigue life estimation, an implementation of these phenomena in the algorithm for the 
calculation of the stress-strain path can be appropriate.   
The algorithm is simplified in comparison with the above mentioned material models and works with an 
independent estimation of the stress amplitude and the mean stress. The stress amplitude is controlled by a 
modification of the cyclic stress-strain curve according to the isotropic hardening rule proposed by Chaboche in Eq. 
5 [10]. On the other side, the mean stress can be represented with the formulation in [21] and shown in Eq. 6. 
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In Eq. 4 p is the accumulated plastic strain up to a certain loading cycle, Re is the yield strength calculated at p and 
Re,stat is the material yield strength from monotonic tensile tests. Q represents the amount of the strain softening and 
a b 
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bc a material constant. In Eq. 5 σm and σm0 are the current mean stress and the initial mean stress, Ha is the strain 
amplitude and Hm the mean strain, while the material parameter d can be determined by mean stress relaxation in 
experimental tests with constant amplitudes and strain ratio RH = 0. The integration of these equations in the algorithm 
for the calculation of the stress path, considering also the load sequence, is object of the current studies. 
4. Summary and conclusions 
The application of damage parameters in the estimation of fatigue life under variable amplitude loading normally 
takes place under the assumption that the material is already at the beginning in a stabilized stress-strain state or that 
this stabilization phase takes place in the first loading cycle and can be therefore neglected. In the paper a steel alloy 
was tested, by which an appreciable strain softening was noticed. By disregarding this softening as well as the mean 
stress relaxation in the application of the Masing-Memory behaviour, the estimation of the stress history is inaccurate 
and with it the successive fatigue life estimation. 
The different relaxation mechanisms under constant and variable amplitude loading can be estimated by looking at 
the results of incremental step tests and their comparison with the constant amplitude tests.  
In order to achieve more accurate results avoiding the application of complex material models, which are time 
consuming and require lots of modelling effort, a simplified method can be introduced. Further work is necessary to 
implement correctly the relations for describing the strain softening and the mean stress relaxation in case of random 
loading considering also the load sequence effects. 
Acknowledgements 
The work presented in this paper is supported by the German Research Foundation (DFG). The authors thank the 
DFG for founding the subproject T4 of the Collaborative Research Centre 666 “Integral sheet metal design with higher 
order bifurcations – Development, Production and Evaluation”. 
References 
[1] Sonsino CM. Effects on Lifetime under Spectrum Loading. MP MaterTest 2010;52(7-8):440-451. 
[2] Palmgren A. Die Lebensdauer von Kugellagern. Verfahrenstechnik 1924;6:339-341.  
[3] Miner MA. Cumulative Damage in Fatigue. J ApplMech 1945; 67:159-164. 
[4] Fatemi A, Yang L. Cumulative Fatigue Damage and Life Prediction Theories: a Survey of the State of the Art for homogeneous Materials. Int 
J Fatigue 1998;20:9-34.  
[5] Smith NR, Watson P, Topper TH. A stress-strain function for the fatigue of metals. J Mater 1970;5:767-778.   
[6] Golos K, Ellyin F. Generalization of cumulative damage criterion for multilevel cyclic loading. Theor Appl Fract Mec 1987;7:169-176. 
[7] Vormwald M, Seeger T. The consequences of short crack closure on fatigue crack growth under variable amplitude loading. Fatigue Fract Eng 
M 1991;14:205-225. 
[8] Ziegler H. A modification of Prager’s hardening rule. Q Appl Math 1959;17:55-65. 
[9] Mroz Z. On the description of anisotropic work-hardening. J Mech Phys Solids 1967;15:163-175. 
[10] Lemaitre J, Chaboche JL. Mechanics of solid materials. Cambridge University Press; 1990. 
[11] Jiang Y. Cyclic plasticity with an emphasis on ratcheting. PhD Thesis, University of Illinois at Urbana-Champaign; 1993. 
[12] Döring R, Hoffmeier J, at al. A plasticity model for calculating stress-strain sequences under multiaxial non-proportional cyclic loading. Comp 
Mater Sci 2003;28:587-596. 
[13] Masing G. Eigenspannungen und Verfestigung beim Messing (self-stretching and hardening from brass). Proc 2nd Int Congr Appl Mech. 
1926:332-335. 
[14]Vormwald M. Anrisslebensdauervorhersage auf der Basis der Schwingbruchmechanik für kurze Risse. PhD Thesis, TU-Darmstadt; 1989. 
[15] Groche P, Vucic D. Basics of linear flow splitting. J MaterProcessTech 12007;183:120-124. 
[16] Mueller C, Bohn T et al. Severe plastic deformation by linear flow splitting. Materialwiss Werkst 2007;38:842-854. 
[17] Landersheim V, Eigenmann B et al. Analyse der Wirkung von Kerben, Mittel- und Eigenspannungen auf die Schwingfestigkeit des 
hochumgeformten Werkstoffbereich von Spaltprofilen. Materialwiss Werkst 2009;9:663-675. 
[18] De Palma V, Tomasella A et al. Experimental analysis of the ratcheting behaviour of linear flow split flanges of HC340LA, Int J Fatigue 
2014;64:121-130. 
[19] Wagener R. Zyklisches Werkstoffverhalten bei konstanter und variabler Beanspruchungsamplitude, PhD Thesis, TU-Clausthal; 2007. 
[20] Golos MK. A total strain energy density model of metal fatigue. Strength Mater 1995;27:32-41. 
[21] Bergmann J. Zur Betriebsfestigkeit gekerbter Bauteile auf der Grundlage der örtlichen Beanspruchung. PhD Thesis, TU-Darmstadt; 1983. 
